We analyze the number-theoretical spin chain with partition function Z( ) = ( ? 1)= ( ) using the polymer model technique. The nite (grand) canonical chains give bounds for the limit free energy and internal energy. The correlation functions for inverse temperature = ?1 are products of two-point functions. A combinatorial result for general interval graphs is derived.
Introduction
The simplest kind of number theory consists in adding integers and observing the regularities that arise. For example, one may add integers at neighbouring positions in a row and write the results in the next row. If one starts with the row no. k = 0 containing a single one, then the result is Pascal's triangle (Fig. 1a) ), with the binomial coe cient k l at position (k; l). The Although Pascal's triangle was already described in the 1303 book 'The Precious Mirror of the Four Elements' by Chu Shih-chieh and thus has a rather long history, there are still many unsolved questions connected with it. Anybody who is now and then summing series knows some non-trivial identities met by the binomial coe cients. Now we change the de ning rule a bit. Instead of simply forgetting the values written in the k-th row, we copy them to the row no. k + 1, thus obtaining Pascal's triangle with memory.
We want 2 k instead of 2 k+1 ? 1 entries in each row. Thus we consider these entries as being circularly ordered. For practical purposes we write a second copy of the rst entry 1 at the end of the row but encircle it in order to mark its identi cation with the rst entry (Fig. 1b) ).
The 2 k entries can be indexed by the base 2 k-digit numbers 0 : : : 0, 0 : : : 01, : : :, 1 : : : 1, writing them in ascending order. Thus we may consider these entries as the values of a function h C k : G k ! N with the k-fold cartesian product group G k := Z k 2 , Z 2 = (f0; 1g; +) being the two-element group in additive notation. A moment's thought shows that these functions In 8] one of us showed that the interaction coe cients j C k : G k ! R with H C k ( ) = ? X t2G k j C k (t) (?1) t are asymptotically translation invariant and saturate in the length k of the chain. Moreover, the e ective interaction between spins at positions r and l was shown to decay like 1=(r ? l) 2 .
The dual group G k of G k being isomorphic to G k , the Fourier transform of f : G k ! R is given by
and thus j C k = ?F k H C k . In 8] the interaction was shown to be weakly ferromagnetic in the sense that j C k (t) 0 for t 6 = 0.
It turned out to be useful to introduce the grand canonical energy func-
being the new elements appearing in each row of Fig 1b) In 10] the existence of the thermodynamic limit F( ) := lim k!1 F C k ( ) of the free energy F C k ( ) := ?( k) ?1 ln(Z C k ( )) was shown (due to the lack of strict translation invariance of the interaction standard estimates cannot be applied here).
In 9 In the high temperature regime < 2 the estimates ln 2 ? ln(3=2) 2 ?
were derived. The corresponding grand canonical quantities are de ned similarly.
In 11] it was shown that the values H C k ( ) of the canonical energy function can be naturally interpreted in terms of geodesics coming from and going to the cusp in the modular domain. These geodesics are naturally organized in families of 2 k members and labelled by 2 G k . Then H C k ( ) is the length di erence between the geodesic with index and the shortest such geodesic (which carries index 0). This related the spin chain to the quantum scattering theory in the modular domain, since these length di erences arise naturally in the WKB expansion of the scattering matrix.
Moreover, numerical evidence was presented that the Riemann zeta function can be well approximated within its critical strip by statistical-mechanical expectations. The reasons for this observation will be discussed in a forthcoming paper 12] by one of us.
In 2] Contucci and Knauf showed that there exists only one phase transition, at = 2. There the magnetization jumps from 1 to 0. The phase transition is at most of second order.
In a forthcoming paper 3] the relations between number theory and polymer models are treated.
The same partition function (but without the interpretation as coming from a spin chain) was discussed by Artuso The study of the number-theoretical spin chain is mainly motivated by the idea that probabilistic properties of statistical mechanics, and in particular ferromagnetism, could be helpful in deriving new results in number theory.
For example, a interpretation of the functional equation of Z in terms of a Wannier-type duality of polymer model interpretations would be welcome.
In Sect. 2 we calculate the Fourier transforms of the functions h C k and h G k . This leads directly to expressions for the correlation functions at = ?1.
The polymer model technique is then used in Sect. 3 in order to derive a formula for the interaction coe cients. They and not the free energy are described using connected multi-polymers.
Like any Dirichlet series with an Euler product the number-theoretical spin chain itself has an interpretation as a polymer model (see 3]), but this interpretation is not well-adapted to the peculiarities of this chain. So we would like to see another such interpretation in the spirit of Sect. 3.
Sect. 4 deals with general interval graphs, that is, graphs whose vertices correspond to intervals and which are connected by an edge if the corresponding intervals overlap. These types of graphs are used in our context. In Sect. 5 the limit free energy is estimated from above and below using the k-spin (grand) canonical ensembles.
This result and a polymer inequality nally leads in Sect. 6 to inequalities for the internal energy.
Correlation Functions at = ?1
In this section we analyze the Fourier transforms (see (2) 
The grand canonical Fourier coe cients are given by
Proof. If k = 0, then jG k j = 1 and J C 0 = h C 0 = 1. To show the inductive formula (5), we use the abbreviation t 0 := (t 1 ; : : : ; t k ) 2 G k . Then 
The above formulas allow us to write the Fourier coe cients as products over contributions from so-called polymers. The set P k := fp l;r ; p l 2 G k j 1 l; r k; l < rg of polymers in G k is given by p l;r (i) := l (i) + r (i); p l (i) := l (i) (i = 1; : : : ; k): (7) We de ne their support by supp(p l;r ) := fi j l i rg for the even polymers and supp(p l ) := fi j l i kg for the odd ones. Two polymers 1 ; 2 (8) whose indices l i ; r i may be assumed to be increasing in i and are determined by t l i = t r i = 1. As an example (0; 1; 0; 1; 1; 0) = p 2;4 + p 5 2 G 6 .
We write this decomposition in the short form t = P n i=1 i and set the activity of a polymer 2 G k equal to z( ) := ?3 ?jsupp( )j . Theorem 2 With the above decomposition (8) 
z( i ): (10) Proof. We proceed by induction in the number k of spins. For k = 0 eq. (9) gives J C 0 = 1, as in Lemma 1.
If jtj is even and t k+1 = 0, then the polymers of the representation (8) of (t 1 ; : : : ; t k+1 ) coincide with the polymers of (t 1 ; : : : ; t k ). So by (9) J C k+1 (t 1 ; : : : ; t k+1 ) = 3 2 J C k (t 1 ; : : : ; t k ), in accordance with (5).
If jtj is even and t k+1 = 1, then (t 1 ; : : : ; t k+1 ) contains the additional polymer p k+1 so that both (5) and (9) (5) and (9) in terms of the Fourier transforms J C=G k (t) = F k (h C=G k )(t) of the exponentiated energy functions h C=G k = exp(H C=G k ) (observe that for historical reasons the j C=G k (t) are the negative Fourier coe cients).
Our motivation for considering that functional relationship is the existence of the explicit formulae (9) and (10) for J C k resp. J G k . The technique we apply stems from the theory of polymer models whose general setting we now recall (see, e.g., Gallavotti, Martin-L of and MiracleSol e 6], Simon 13] and Glimm and Ja e 7]).
In an abstract setting one starts with a denumerable set P whose elements are called polymers. Two given polymers 1 ; 2 2 P may or may not overlap (be incompatible). Incompatibility is assumed to be a re exive and symmetric relation on P. (11) Then, up the normalization factor j j ?1 , the free energy is given by ln(Z ) = X X2C 1 n(X) jXj! z X ; (12) with n(X) := n + (X) ? n ? (X), n (X) being the number of subgraphs of G(X) connecting the vertices of G(X) with an even resp. odd number of edges (see Gallavotti et al. 6] ).
In the present context we argue as follows: Our polymers are elements of the abelian group
which is the direct sum of the Z 2 groups and thus consists of those in nite sequences t = (t 1 ; t 2 ; : : :) 2 1 n=1 Z 2 which have only nitely many entries t i 6 = 0. The set P of polymers and their supports is de ned similarly to the set P k (see (7)) except that now k = 1.
This in nite volume case is then approximated by considering the set P k of polymers in the nite subset = f1; : : : ; kg N. The group G k is identi ed with the subgroup of those t 2 G 1 with t n = 0 for n > k.
Then the map D 1 k ! G k , ( 1 ; : : : ; n ) 7 ! P n i=1 i is an isomorphism between the disconnected multi-polymers in f1; : : : ; kg and the abelian group G k .
We will now use this isomorphism to calculate the interaction coe cients. 
where now C 1;e k contains precisely those multi-polymers X = ( 1 ; : : : ; jXj ) consisting only of even polymers i of the form p l;r and not the odd polymers p l .
Combinatorics of Interval Graphs
The graphs G(X) of the connected multi-polymers X 2 C 1 k resp. C 1;e k occurring in (14) resp. (15) have a special structure which enables us to obtain a simple explicit formula for the combinatorial factor n(X).
The supports of the even polymers p l;r were of the form fl; : : : ; rg, whereas for the odd polymers p l one had supp(p l ) = fl; : : : ; kg. Polymers in P k with overlapping supports were called incompatible. Proof. We prove the formula by induction in the number jV j of vertices.
If jV j = 1, the index set of the product is empty so that the product gives 18) that is, only subgraphs with exactly one edge adjacent to v l contribute.
It is obvious that C l (;) = ;, since in that case the vertex v l is disconnected.
So we are left to show that terms in (17) with jÊj 2 give no contribution. We choose two di erent edges fv x ; v l g; fv y ; v l g 2Ê. Then It was already shown in 8] that the (grand) canonical interaction is weakly ferromagnetic, i.e. that j C k (t) 0 and j G k (t) 0 for t 2 G k n f0g:
That fact can now be easily seen to be a by-product of our above theorem for interval graphs G = (V; E), since Theorem 4 implies
On the other hand, the sign of the activity of a multi-polymer X is sign(z X ) = (?1) jXj . Thus all connected multi-polymers give a positive contribution to the interaction coe cients (14) and (15). By estimating the contribution of the simplest multi-polymers, we may obtain more precise lower bounds for the interaction coe cients. As in 8] we denote the positions of the rst resp. last one in t = (t 1 ; : : : ; t k ) 2 G k n f0g Proof. We already stated that j G k (t) = 0 for jtj odd. The other lower bounds are achieved by rst decomposing t according to (8) and their n! di erent permutations have the property P n i=1 i = t. So they give contributions to j C k (t) and j G k (t) in (14) and (15).
The factor jXj! = n! in the denominator is cancelled by the multiplicity of the permutations. The graphs G(X) are trees, namely all i , i > 1 are only connected to 1 . So n(X) n(G(X)) = ?(?1) n . Remark. Proposition 3 of 10] says that for non-zero t 2 G n j C n+1 (t; 0) j C n (t) j C n+1 (0; t):
This implies in particular that the canonical interaction coe cients neither increase nor decrease under concatenation.
Estimates for the Free Energy
In this section we will show that the limit free energy is majorized by the canonical and minimized by the grand canonical k-spin free energies.
In order to derive these estimates, we compare the (grand) canonical energy values of the spin chain of length k+l with the ones of the chains with lengths k and l. We state these inequalities for the exponentiated energies. 
showing (20) . Theorem 7 For inverse temperature > 0 the limit free energy F( ) is bounded by the k-spin free energies, k 2 N:
(See Fig. 2 , where k = 15). Proof. The bounds then follow from this and Theorem 7. 2 In Fig. 3 we show the di erent bounds on the internal energy U( ) for k = 15. Although for this number k of spins Thm. 9 leads to a better upper bound than Thm. 8, only the latter estimate converges in the thermodynamic limit k ! 1.
Since the methods used here are high-temperature expansions, the lower estimate for the internal energy derived in 2] is better near the critical temperature = 2 but worse near = 0. 
